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Abstract 

Motivated by the results of C. Macchiavello and G. M. Palma on entanglement-enhanced in- 
formation transmission over a quantum channel with correlated noise, we demonstrate how the 
entanglement teleportation scheme of J. Lee and M. S. Kim gives rise to two uncorrelated general- 
ized depolarizing channels. In an attempt to find a teleportation scheme which yields two correlated 
generalized depolarizing channels, we discover a novel teleportation scheme, which allows one to 
learn about the entanglement in an entangled pure input state, but without decreasing the amount 
of entanglement associated with it. 
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In quantum mechanics, the formalism of quantum operations, described in detail by 
Kraus [[]]], describes the most general possible state change. In this formalism there is an 
input state p in and an output state p out , which are connected by a map 

£ (Pin) 

Pin * Pout , [£./ \i ■ 

tr[£{p in )\ 

The map is determined by a quantum operation £ , a linear, trace-decreasing map that 
preserves complete positivity. The most general form for £ can be shown to be [U 

£{Pin) = A-kPinÀ^k-i 

k 

E4a.</. (i) 

k 

The Kraus operators completely specify the quantum operation £. The insight {|, || 
that one can recast the problem of achieving optimal quantum teleportation |J into one of 
optimal reversal of quantum operations, enables one to establish a more general connection 



between quantum operations, or quantum channels, and teleportation schemes. In Ref . |Ï0 
it was demonstrated how this connection enables one to explore optimal approximate reversal 
of quantum operations on a single qubit. 

Recently, the problem of classical capacity of quantum channels with time correlated 
noise was considered by C. Macchiavello and G. M. Palma ||. In particular, the problem 
of subjecting quantum states to two correlated or uncorrelated depolarizing channels were 
analyzed. In the light of the above insight, it is natural to ask what teleportation schemes 
would give rise to two correlated or uncorrelated generalized depolarizing channels. In this 
paper, we show how the entanglement teleportation scheme of J. Lee and M. S. Kim || 
yields two uncorrelated generalized depolarizing channels. However, in order to obtain two 
correlated generalized depolarizing channels, the entangled states shared between the sender 
and receiver have to be changed. Interestingly, this modification yields an entanglement 
teleportation scheme, which allows one to learn about the entanglement of a bipartite pure 
input state, decreasing the fidelity of the teleported state with respect to the input state, 
but remarkably without changing the amount of entanglement associated with the original 
input state. 

Here, we adopt the following measure of entanglement [Q. Consider a density operator 
P12 and its partial transposition cr 12 = p\2 f° r t wo 2-level quantum systems. The density 
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operator p í2 is entangled if and only if <7 12 has any negative eigenvalues. The measure of 
entanglement E(p í2 ) defined by 

E(p 12 ) = max(0,-2]TA;), 

a 

where A~ is a negative eigenvalue of ài2, satisfies the necessary conditions required for every 
measure of entanglement. 

To set the stage, we begin with a description of a general teleportation scheme, which 
involves a sender, Alice, and a receiver, Bob, sharing a single pair of entangled partides. 
Alice is in possession of two n-level quantum systems, the input system 1, and another 
system 2 arbitrarily entangled with a third n-level target system 3 in Bob's possession. 
Initially the composite system 123 is prepared in a state with density operator p\ <g> X23, 
where p\ is an unknown state of the input system 1, and X23 is an arbitrary entangled state 
of systems 2 and 3. Since the systems 1 and 3 are identical and thus have the same state 
space, a one-to-one correspondence from the state space of the composite system onto itself 
can be established by a unitary swap operator £/i( 2 ) 3 , which acts on product states according 
to 

^i(2) 3 (|à)i <g> \b) 2 ® |c) 3 ) = |c)i <g> \b) 2 ® \a) 3 , 

swapping the states of systems 1 and 3, while leaving system 2 alone. £/i(2)3 obviously 
satisfies (t/i(2)3) 2 = -^123; the identity operator on the composite system, and U[, 2 ^ = ^1(2)3. 
When extended to operators Q123 on the composite system, the correspondence becomes 

Ql23 ^ Ql23 — ^1(2)3*5123^1(2)3 ■ 

It follows that 

Pi ® X23 = U l{2)3 (xi2 ® Ps)Ul {2)3 , (2) 

where X12 is the counterpart of %23- 

To teleport the input state p\ to Bob's target system 3, Alice performs a generalized 
measurement on systems 1 and 2. This generalized measurement is described by operators 
IÏ12 <8> -^3, where are Kraus operators on the joint system 12, i labels the outcome of the 
measurement, and 

EEnfnÍWi2. 

i 3 
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If Alice's measurement has outcome i, she communicates her measurement result to Bob via 
a classical channel. The state of Bob's target system 3 conditioned on Alice's measurement 
result i is given by 



p\ = — tr 12 
Pi 



E(nÍ 3 2 ®/ 3 )(pi®x23)(nÍÍ t ®/3) 



(3) 



where 

Pi = tri 23 
Substituting Eq.(2) into Eq.(3) gives 

1 



^(ni J 2 ®/ 3 )(p 1 ®x23)(n 



Ú't 
12 



p: = — tn 2 

Pi 



£(ÍÏÏÍ ® J 3 )C/i( 2) 3(xi2 ® P3)^í {2)3 (nf ® í 



(4) 



Writing 



Xl2 = ^2 qk\Sk) 12 (s k \, 
k 



where the vectors \Sk) 12 make up the complete orthonormal set of eigenvectors of \\2 in the 
joint space of 1 and 2, and performing the partial trace of Eq.(4) in the complete orthonormal 
basis \P\)\2 for the joint system 12 give 

P3 = - E Qk 12<^|(n?2 ® h)U m3 (\h)l2(h\ ® ^3)^(2)3(^2 ® i's) |^)l2 

p* j,fc,z 



E 



"12 



(^|(nü® j 3 )c/i(2)3|s fc ) 



12 



j,fc,í LV ^ l 



P3 



"12 \ 



(s fc |^ (2)3 (ng®j 3 )|^) 
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Therefore, p\ is related to p 3 by a quantum operation £ l : 



p\ = e\p,) = Y. a Tp^ 



im\ 
3 > 



(5) 



where 



"12 



(Pz|(nii®/ 3 )c/ 1(2)3 |5 fc )i 2 , 



£4™Uf</ 3 , 



(6) 



and the single index m denotes the triple (j, k, l). 

Next, we consider the entanglement teleportation scheme of J. Lee and M. S. Kim ||, 
in a slightly more general setting. Alice is in possession of four n-level quantum systems, 
the two entangled input systems 1 and 2, and another two systems 3 and 5, each arbitrarily 



entangled respectively with a fifth and a sixth n-level target systems 4 and 6 in Bob's 
possession. Initially the composite system 123456 is prepared in a state with density operator 
P12 <8> X34 ® X56> where p 12 is an unknown entangled state of the input system 12, and %34 
and are arbitrary entangled states of systems 34 and 56. To teleport the input state 
P12 to Bob's target systems 46, Alice performs generalized measurements on systems 13 and 
25. These generalized measurements are described by operators (iT/ 3 ® I4) ® (fl l 2 í <8> /e)- 
If Alice's measurements have outcomes (i, i'), she communicates her measurement results 
to Bob via classical channels. The state of Bob's target systems 46 conditioned on Alice's 
measurement results (i, i') is formally given by 



P46 ~~ — tr 132 5 



E((nS®^)®(ng' 



ín 



25 



/ 6 )) t 



-tr 



1325 



H((n?3 ® AS') ® (Í4 ® h) ) ^(1)2345(6) (Pl2 ® X34 <E> Xse) 



-tr 



1325 



E((nÜ ® ííg') ® (h <8> /6))f/ 1(2 )3(4)56(Xl3 ® X25 <E> P 46 ) 
^2)3(4)56(( II l^n2T)®a4®/6)) t 



.7:7 



(7) 



where 



Pi 



tr 



123456 



3,3 



C/t 

(1)2345(6) v 



E(( n l3 ® n 25 ) ® (Í4 ® 4)) ^(1)2345(6) (Pl2 ® X34 ® X 56 ) 

,((na®ng")®(/4®/6)) f 

Here, the unitary swap operator £^(1)2345(6) acts on product states according to 

^(1)2345(6) ® 1^)2 ® |c) 3 ® |d) 4 ® |e) 5 ® |/)e) = |«>i ® |c) 2 ® |6) 3 ® |e) 4 ® \d) 5 ® |/) 6 

swapping the states of systems 2 and 3, and those of systems 4 and 5, while leaving systems 
1 and 6 alone. It serves to cast the expression for p^g into a form similar to that of Eq.(3). 
The other unitary swap operator ^1(2)3(4)56 > ac t s 011 product states according to 



s(|a)i ® |c) 2 ® \b) 3 ® |e> 4 ® |d>5 ® |/>e) = ® |c) 2 ® |/) 3 ® |e> 4 ® |a) 5 ® |&) 6 , 



(2)3(4)56 

swapping the states of systems 1 and 5, and those of systems 3 and 6, while leaving systems 
2 and 4 alone. It plays an analogous role to Ux^)3 hi Eq.(4), establishing a one-to-one 



correspondence from the state space of the composite system onto itself, since the systems 
12 and 46 are identical and thus have the same state space. Writing 



X13 = J2^\h)i3(h\, 



X25 — E Qk' \ Sk') 25 (Sk'\, 
k' 

where the vectors | s^) 13 (|sfc')25) make up the complete orthonormal set of eigenvectors of 
X13 (X25) in the joint space of 1 (2) and 3 (5), and performing the partial trace of Eq.(7) in 
the complete orthonormal basis \Pi)n ( |-Pí')2s) for the joint system 13 (25) give 



p% = — E i 3 (^|25(PH((nÍÍ ® ng') ® (h ® / 6 ))^ 



p. 



(2)3(4)56 



j,j',k,k',l,l' 

(|5fc)i3<5fc| ® |Sfe')2 5 (4'| ® P4 6 )^ (2) 3 (4)5 g((nÍ3 ® Hg') ® (J 4 ® / 6 )) í |P í )l 3 | J Pi')25 



"13 



(^|25<fl'|((nÍ J 3 ® ng") ® (J 4 ® /6))f/i( 2) 3(4)56l 5 fc)l3|5fc')25 



P46 



IQkQk 



Pa 



: i3(4|2 5 (4'|f/ 1 t (2)3(4)5è ((nii ® ng") ® (/ 4 ® / 6 ))t| J p,) 13 |p,; 



25 



Therefore, p 4 g is related to by a quantum operation S 

r, 

where 



46 5 



(8) 



I QkQk' 



Pi 



l 3 (^|25(^'|((nÜ ® Hg') ® (Í4 ® 4))^l {2 )3(4)56l 5 fe)l3|Sfe'>25, 



^46 ^46 — 1 ' 



46) 



(9) 



and the single index m denotes the sextuple (j,f, k, k', l, l'). 

Now, we are ready to show that, for two-level systems 1, 2, 3, 4, 5 and 6 (from hereon 
we consider only two-level systems), with 



X34 = gil^+M^I +92!$ I + g 3 |^ + ) 3 4(^ + | + q^~)^~ 

X56 = qi\^ + )^ + \ + d^M^I + ?3|^ + )56(^ + | + Ç4|^ _ >56<^" 

where < q k < 1, ELi <?fc = 1, 

= ^(|00)±|11>), 



(10) 
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i^H^aoi^iio», 

are the Bell states, and 

ng = n} 3 = n£ = n 25 = |$ + )($ + |, u% = fi 2 l3 = ng' = n*. = |$->($-|, 
n? J 3 = n? 3 = ní = ^ = |* + >(* + |, filí = n? 3 = nS' = nàl*-><*1, (11) 

then £ n describes two uncorrelated generalized depolarizing channels. Here, we use |0) and 
|1) to denote an orthonormal set of basis states for each two-level system. Eq.(lO) and 
Eq.(ll) allow us to calculate pn> = ^ for all 1 < i, i' < 4. Substituting Eq.(lO) into Eq.(7), 
we obtain 



Xl3 


= 9ii<í> + : 


>i3<^> + l + ^2!$ ; 


>13<$ _ 


1 + g 3 |^ + 


)i 3 (^ + l 




)is(*-| 


X25 


= çiií' + ; 


>2 5 (5 )+ | +92|$"' 


>2 5 (^ 


1 + g 3 |^ + 






) 25 (*-| 



That is, the complete orthonormal set of eigenvectors of X13 (x.25) in the joint space of 1 (2) 
and 3 (5) is given by 





'13 = |$ + )l3, 


S2)l3 = 


1$ )l3, 


| S3)l3 = 


|^ + )l3, 


| S4)l3 = 


I* )l3, 






»25 = |$ + ) 25 , 


«2)25 = 


|^")25, 


53)25 — 


|^ + )25, 


(54)25 = 


1^^)25- 


(12) 



Eq.(9), when i = i' = 1, is in this case reduced to 



A nwu> = ^^ i3(j p,| 25(j p rK( ni 3 n^ 5 ) ® (/ 4 ® Wi^sel^d^. (13) 

Making the choice 

|A)l3 = |$ + )l3, 1^2)13 = |$ _ )l3, |P 3 )l3 = l^ + )l3, |^4)l3 = |*-)l3, 

|A>25 = l$ + )25, 1^2)25 = |^~>25, 1^3)25 = |^ + )25, |P 4 >25 = |* _ >25, (14) 

and substituting Eq.(12) and Eq.(14) into Eq.(13) yield two uncorrelated generalized depo- 
larizing channels £ u specified by Kraus operators 

A\l lul = v^Tv^T/4 ® h, A\l 12U = v^Tv^/4 <8> <4, 
AH 1311 = y/qLyfah <8> o%, AH 1411 = <g> al 
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y| 112311 


V^2\ 


/ Z T 

/Ç30T 4 G 




4 112411 
A 46 — 


/ 


i — z < 




/t 113111 
^46 — 


1 


/ # x 

/çTa 4 c 


-i. r 
3 le, 


4 113211 
A46 — 1 




/ # xr 


z 


4113311 
^46 ~~ 1 




/ç3>£ $ 




4 113411 
^46 




/g4>4 c 




4 114111 




/qïcrï c 


^6, 


4 114211 
^46 — 1 




/Ç2>f § 


5< 


4 114311 
^46 — A 


/qi\ 




5^6, 


4 114411 
^46 — 1 




íqícrl £ 





(15) 



where 




<7 H 



-i 

1 



cr 




are the Pauli matrices. It turns out that, with different Alice's measurement outcomes (i, i') 
we end up with different two uncorrelated generalized depolarizing channels E %% ' . These 
channels differ only in the coeficients y/qk^/qü' in front of I4 <S> Ie, h ® etc. 

For Bob to successfully complete the teleportation protocol, he must perform a (i,i f )- 
dependent trace-preserving quantum operation 1Z 11 ': 



<r>ii' / _ uii'nJ,i' r>ii'n] 
{Pia) - 2^-^46 ^46-^46 > 
n 

^46 -°46 - J 4 



'46; 



(16) 



such that the fidelity || F M '(p 46 , 7£ M 'o£ M '(p 46 )) between the input state p^ and the teleported 
state 1Z 11 ' o £ u ' (p 46 ) is optimal, that is, as close to one as possible. In other words, Bob has 
to determine 1Z U which optimally reverses £ n ' . For simplicity, we assume the input state 
p 46 is an entangled pure state: 



p 46 = (cos#|00) + sin#|ll)) 46 ((00|cos6>+ <11| sin < 



(17) 



with E(p4s) = sin 29. In Ref.[|ÏO[], it was shown that the optimal approximate reversal 
of a generalized depolarizing channel can be achieved using only unitary transformations: 
I,a x ,a y ,a z . For instance, since £ n describes two uncorrelated generalized depolarizing 
channels, we have 

n n ( P ^ = BllpllBll\ 

where B\l is composed of a tensor product of two unitary operators: /, a x ,a y ,a z . The exact 
expression for S 4 g is determined by the relative magnitudes of Çi,Ç2jÇ3 and g 4 . After some 



S 



àlgebra, we obtain the maximum fidelity 

i,i'=l i,i'=l 

= max((çi + q 2 ) 2 + {q\ - 2ç 3 ç 4 + qj) sin 2 29, 

(çi + Q2? + {ql ~ 2çi<?2 + ql) sin 2 26», 

(93 + q±? + {ql ~ 2<?ig 2 + ql) sin 2 26», 

(93 + 9 4 ) 2 + {ql ~ 2g 3 94 + ql) sin 2 26, 
{qi + 92) (93 + 94) + (91 - 92) (93 - 94) sin 2 26», 

(9i + 92) (93 + 94) - (91 - 92) (93 - 94) sin 2 26»). (18) 
We note that for çi = q 2 = q-s = ^q, and g 4 = Eq.(18) yields || 

Fmax = ^[(2 + 0) 2 - (1 - 0)(1 + 20) sin 2 20] (19) 
y 

Also, the amount of entanglement associated with the teleported state is given by 

EÇR*' o £ ü '{p i6 )) = max(0, £[(1 + 20) 2 sin2#] - 2(2 - - 2 )). (20) 

9 

It is impossible to obtain two correlated generalized depolarizing channels from Eq.(7). 
This is because, by insisting on X3 4 ®X56, and demanding that the resulting Kraus operators 
reduces to Eq.(25), would in general result in requiring Alice's generalized measurements 
not be of the physically meaningful form in Eq.(7). So, we keep Eq.(ll), and instead of 
Eq.(10), consider 

X3456 = |x)3456\X|i 

|X>3456 = v^l $ + )34®|$ + )56 + v^l $_ )34®|$~)56 + V / 93l^ + )34®|í' + )56 + v / 9l|^")34®|^")56, 

(21) 

where 0<q k <l, EjLi ?fc = Replacing X34 ® X56 in Eq.(7) by x 3456 , we obtain 

X1325 = |x)l325\X|) 

|X) 1325 = V^I^ + )l3®l^ + )25 + V^I^")l3®l < ^ _ )25 + V / ^l^ + )l3®l^ + )25 + V / 9ll^ _ )l3®| , I' _ )25· 

(22) 
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Consequently, when i = i' = 1, we obtain, instead of Eq.(13), 

aT 1 ' = y^ 13 (P í |25(i s H((nl 3 ® n| 5 ) ® (j 4 ® h))u 1{ty&m \h)u\3kU (23) 

where 

|Si> = |í> + ), |S 2 > = |$->, |S 3 > = \h) = I* - )- (24) 

Substituting Eq.(14) and Eq.(24) into Eq.(23) gives two correlated generalized depolarizing 
channels S n specified by Kraus operators 

/iimi / <?i t ~ t 411211 / ?2 z z 

V 7111 V 7711 

A\l 3U = Mat ® al = Mai ® ojf. (25) 

V TTll V 

with probability pn = ^7Tn, where 
7Tu = l + 2( v /^ v /^+^ v /^)cii-2(^^+y^^)c 2 2 + 2(^ v /^+v / g 3 "v / g4")c33. (26) 

Here, Cu, c 22 and c 33 are real coeficients in 

1 3 
P46 = j(h ® h + a ■ &4 ® h + b ■ h ® ae + X! c ^°4 ® a e) 

4 r ,s=l 

with cr x ' = cr 1 , a y = cr 2 , and o~ z = cr 3 . Therefore, information about the input state could be 
obtained, in accordance with Ref.@. However, we note that it is only information about the 
associated entanglement encoded via Cu, c 2 2, and C33 which is obtainable. Information about 
the individual subsystems 4 and 6, and that about the associated entanglement encoded via 
c rs , s, is not. 

It turns out that, for different i = i', we have different two correlated generalized de- 
polarizing channels £ lt with probability pa = p\\. Again, these channels differ only in the 
coefficients yfqk. For i 7^ i f , we do not have two correlated generalized depolarizing chan- 
nels specified by Kraus operators of the form in Eq.(25). However, there exsists "partial 
correlations" , and the Kraus operators for these channels can be evaluated similarly. The 
corresponding probabilities are 

1 

Pl2 = P21 = PU = P43 = T^7Ti2, 

16 

7Ti 2 = 1 - 2(^/91^/93" + y/<by/qï)cil + 2( v /gT v /ç7 + a/Ç2\/93) c 22 + 2(^^ + y/qüy/qï) C33 , 
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1 

Pl3 = P24 = P31 = Pi2 = T^7Tl2, 

lo 

7Ti3 = 1 + 2(y/q[y/g^ + y/^y/q[)cu + 2( v /çT v /gI + ^ y /q 3 ~)c 2 2 - 2( v /gT v /^ + y/q^^)c 33 , 

1 

Pl4 = P23 = P32 = PAÍ = — 7Tl 2 , 

lo 

7Ti4 = 1- 2(^7^+ ^7^)011-2(7^"^+ 7^^)022 -2(^/ql^+ a/^v^4) c 33- (27) 

Assuming the input state is given by Eq.(17), and employing the above unitary TZ U ' , we 
obtain, after some àlgebra, the maximum fidelity 

F max = max((çi + q 2 ) + (q 3 + q 4 ) sin 2 29, (q 3 + q 4 ) + ( Çl + q 2 ) sin 2 29). (28) 

This is in contrast to Eq.(19) since F max increases with the amount of entanglement associ- 
ated with the input state. More interestingly, when we calculate the amount of entanglement 
associated with the teleported state, we find 

E{K Ü ' o8 ü \ Pm )) = sin 26», (29) 

equal to the amount of entanglement associated with the input state, Eq.(17). 

In conclusion, we have demonstrated how the entanglement teleportation scheme 
gives rise to two uncorrelated generalized depolarizing channels. In an attempt to find 
a teleportation scheme which yields two correlated generalized depolarizing channels, we 
discover a novel teleportation scheme which allows us to learn about the entanglement in the 
entangled pure input state, but without decreasing the amount of entanglement associated 
with it. 
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